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AB ST R ACT
A geometric framework for studying Noetherian symmetries is proposed in the frame-
work of classical ﬁeld theory. I t is based on a generalization of the L agrange-Souriau form,
due to B etounes and R und and permits, in principle, the complete classiﬁcation all L a-
grangian systems having a certain group of Noetherian symmetries. Using this method
one can completely analyze gauge invariance for pure gauge theories. One ﬁnds out that
translation and gauge invariance are compatible only with a dynamics governed by a sum
between a Yang-Mills and a Chern-Simons L agrangian. T he consequences of L orentz and
dilation invariance are also completely analyzed.
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In this paper we present a new approach to the problem of Noetherian symmetries
in classical field theory, in the framework of the Lagrangian formalism. This approach is
based on a natural generalization of the Lagrange-Souriau form [1] appearing in the study
of the systems with finite number of degrees of freedom. This generalization is due to
Betounes [2],[3] and Rund [4]. One can also show [5] that this geometric formulation solves
some consistency problems of time-dependent Lagrangian systems and more generally of
Lagrangian systems in classical field theory. Also in this formalism one can treat extremely
easily the Lagrangian systems with Noetherian groups of symmetries, as was shown in [6]
for systems with finite number of degrees of freedom.
In Section 2 we present the general formalism, following essentially [5]. Some formulae
needed for applications are also given. In Section 3 we analyze the concept of Noetherian
symmetry and we illustrate the general strategy for analyzing systems with a group of
Noetherian symmetries in some generic cases.
In Sections 4 and 5 we perform explicitly the analysis for the case of a pure gauge
theory in the Abelian case (in Section 4) and in the non-Abelian case (in Section 5).
We obtain that the gauge invariance and translation invariance are compatible with a
dynamics governed by a superposition of a Yang-Mills and a Chern-Simons dynamics. We
also analyze in this context the roˆle of Lorentz invariance and of dilation invariance.
Some final comments are included in Section 6.
2. The Lagrangian formalism in classical field theory
2.1 Let S be a differentiable manifold of dimension n + N . To have a Lagrangian
formalism we need an auxiliary object, namely the bundle of 1-jets of n-dimensional sub-
manifolds of S, denoted by J1n(S). This differentiable manifold is, by definition:
J1n(S) ≡ ∪p∈SJ1n(S)p
where J1n(S)p is the manifold of n-dimensional linear subspaces of the tangent space Tp(S)
at S in the point p ∈ S. This manifold is naturally fibered over S and we denote by pi the
canonical projection. Let us construct charts on J1n(S) adapted to this fibered structure.
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We first choose a coordinate system (xµ,ψA) on the open set U ⊆ S; here µ = 1, ..., n
and A = 1, ..., N . Then on the open set V ⊆ pi−1(U), we shall choose the coordinate
system (xµ,ψA,χAµ), where by definition, the n-plane in Tp0(S) corresponding to the set














We will systematically use the summation convention over the dummy indices. An
evolution is an n-dimensional immersion Ψ : M → S. The purpose of the Lagrangian
formalism is to describe such evolutions from a variational principle. Let us denote by
Ψ˙ : M → J1n(S) the natural lift of Ψ. If we choose convenient local coordinates (xµ,ψA)
on an open set U ⊆ S, then Ψ will be locally given by xµ &→ (xµ,ΨA(x)) and Ψ˙ by
xµ &→ (xµ,ΨA(x), ∂ΨA∂xµ (x)).
2.2 Let us suppose that in a given chart Vα on J1n(S) we have a smooth real function












The problem is to give a convenient relationship between Lα and Lβ if Vα ∩ Vβ *= {0}
such that (2.2) written in these two different systems of coordinates is consistent. This can
be achieved as follows [5]. First one associates to every Lα the so-called Poincare´-Cartan









δψA1 ∧ ... ∧ δψAk ∧ dxµk+1 ∧ ... ∧ dxµn . (2.3)
Here εµ1,...,µn is the signature of the permutation (1, ..., n) &→ (µ1, ..., µn), δψA is by
definition:














(Pk is the permutation group of the numbers 1, ..., k) and |σ| is the signature of σ). Notice
that (Lα)µ1,...,µkA1,...,Ak is completely antisymmetric in the upper indices and also in the lower
indices.
Next, one defines in every chart:
σLα ≡ dθLα . (2.6)
Now, one can prove that it is possible to choose Lα such that for Vα ∪ Vβ *= {0}, we
have in the intersection:
σLα = σLβ , (2.7)
and in this way we achieve the desired consistency of the Euler-Lagrange equations of
motion. Let us remark that if one has a supplementary structure of fibration S → M ,
then one can prove a stronger result [3], namely that it is possible to have:
θLα = θLβ
for non-void intersection and this also ensures the compatibility of the chart-dependent
Euler-Lagrange equations.
2.3 Let us note that (2.7) says that we can globally define a (n + 1)-form σ on J1n(S)
such that:
σ|Vα = σLα . (2.8)
We will call this form the Lagrange-Souriau form. An abstract way to see that σ is
globally defined is the following one [5]. We first define:
ΛLS ≡ {σ ∈ ∧n+1(J1n(S))|iZ1iZ2σ = 0, ∀Zi, pi∗Zi = 0, i = 1, 2}. (2.9)
It is clear that σ ∈ ΛLS . Next one defines [5] the operator K : Λ(J1n(S))→ Λ(J1n(S))
by:




(δψA ∧ σ). (2.10)
and proves that the restriction of K to ΛLS is globally defined. Then one can show that:
Kσ = 0. (2.11)
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Also we have from (2.6) that:
dσ = 0. (2.12)
Conversely, one can show [5] that every σ ∈ ΛLS verifying (2.11) and (2.12) can be
written locally as σLα . This allows us to define a Lagrangian system to be a couple (E, σ)
where E is an open set in J1n(S) (called the evolution space) and σ is a Lagrange-Souriau
form on S, i.e. an element of ΛLS defined on E and verifying (2.11) and (2.12).
Let us also note that one can write the Euler-Lagrange equations of motion in an
intrinsic way using only σ [5]. Namely, Ψ verifies these equations iff:
Ψ˙∗iZσ = 0. (2.13)
for any vector field Z on E.
2.4 For practical computations we will need some explicit formulae in local charts.
First we note that every σ ∈ ΛLS can be written in the local coordinates introduced in


















δψa0 ∧ ... ∧ δψAk ∧ dxµk+1 ∧ ... ∧ dxµn . (2.14)
where we can suppose that the functions σµ0,...,µkA0,...,Ak are completely antisymmetric in the in-
dices µ1, ..., µk and also in the indices A1, ..., Ak, and the functions τµ1,...,µkA0,...,Ak are completely
antisymmetric in the indices µ1, ..., µk and also in the indices A0, ..., Ak.






































We will call equations (2.15)-(2.18) the structure equations.























2.5 Now, we study an important particular case. We say that a Lagrangian system
(E, σ) is of the Chern-Simons type if:
σ ∈ ΛCS ≡ {σ ∈ Λn+1(E)|iZσ = 0, ∀Z, pi∗Z = 0}. (2.21)
(compare with (2.9)).









δψA0 ∧ δψAk ∧ dxµk+1 ∧ ... ∧ dxµn . (2.22)




and (2.17) remains unchanged. From (2.23) one can determine recursively the functions












where the (x,ψ)-dependent functions Q...... are completely antisymmetric in the upper in-













and these are the only restrictions on the functions Q.......










where the (x,ψ)-dependent functions l...... are completely antisymmetric in the upper indices











From (2.19) we get by a straightforward computation that the functions σ...... are zero and













Now, it is easy to prove that if we consider (2.28) as a system for the unknown
functions l...... then (2.25) are exactly the integrability conditions of this system. So indeed
we can choose a local Lagrangian of the form (2.26).
3. Noetherian Symmetries in Classical Field Theory
3.1 By a symmetry of the Euler-Lagrange equations we understand a map φ ∈ Diff(S)
such that if Ψ : M → S is a solution of these equations, then φ ◦Ψ is a solution of these
equations also.
A particular but important case of symmetries is that of Noetherian symmetries. To





One can show that Ψ is a solution of the Euler-Lagrange equations iff it is an extremal
of the action functional. Then, it is clear that if φ ∈ Diff(S) verifies:
A(φ ◦ ψ) = A(Ψ). (3.2))
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it will be a symmetry of the Euler-Lagrange equations. These symmetries are called
Noetherian symmetries. It is easy to prove that in this case (3.2) is equivalent to:
φ˙∗σ = σ. (3.3)
For an arbitrary Lagrangian system (E, σ) it is better to take (3.3) as a definition of
Noetherian symmetries.
If a group G act on S: G . g &→ φg ∈ Diff(S) then we say that G is a group of
Noetherian symmetries if for any g ∈ G:
(φ˙g)∗σ = σ. (3.4)
It is considered of physical interest to solve the following classification problem: given
the manifold S with an action of the group G on S, find all Lagrangian systems (E, σ) where
E ⊆ J1n(S) is on open subset and G is a group of Noetherian symmetries for (E, σ). For
systems with finite number of degrees of freedom this problem was addressed for the first
time by Le´vy-Leblond [7], and solved in some particular cases by cohomology techniques.
An extension of the method in [7] appears in [8]. In [6] we have proposed a different
strategy of solving this classification problem, which seems to be extremely powerful and
it is clearly applicable to the case of classical field theories also. It consists of two steps:
(a) One translates (3.4) into equations for the functions σ...... and τ ...... appearing in the
local expression (2.14) of σ, and then one tries to find out the most general expressions
for these functions verifying these invariance conditions and also the structure equations
(2.15)-(2.18). One can easily see that if the invariance equations are exhibited in an
infinitesimal form, we obtain in this way an integrable system (in the sense of Frobenius)
for the functions σ...... and τ ...... ; this system is in principle solvable by quadrature.
(b) Having σ...... and τ ...... from (a) one tries to find a local Lagrangian L such that
σ = σL. This reduces to considering (2.19)+(2.20) as a system of equations for the function
L. Again one can see that this system is integrable and one can obtain the solution by
quadrature.
3.2 In what follows we will consider as an illustration of the strategy above the follow-
ing case: S = M × V where M is the Minkowski space (with the Minkowski bilinear form
<,>) and V is another finite dimensional vector space. Of course we consider on M and V
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only the charts compatible with the vectorial structure. In this case we can choose global
coordinates (xµ), µ = 1, ..., n on M and (ψA), A = 1, ..., N on V . So, (2.14) becomes a
global expression for σ in this chart.
We denote by Gµ,ν the matrix elements of <,> in this coordinates and we raise or
lower the indices with this matrix. By convention, if tµ1,...,µkν1,...,νl is a (k, l)-tensor, we define





There are basically three types of symmetries of physical interest: spatio-temporal
symmetries, internal global symmetries and gauge invariance. We illustrate point (a)
above on these three cases.
3.3 Spatio-temporal symmetries
First we consider the Poincare´ invariance. We denote by Λ the elements of the Lorentz
group, i.e. endomorphysms of M leaving invariant the Minkowski form, and by a the
elements of the translation group of M . Let Λ &→ TΛ be a finite dimensional representation
of the Lorentz group acting in V . Then, by definition, the action of the Poincare´ group on
S is:
φΛ,a(xµ,ψA) = (Λµνxν + aµ, (TΛ)ABψ
B). (3.6)




ν + aµ, (TΛ)ABψ
B, (TΛ)ABΛµ
νχBν). (3.7)
We say that the Lagrangian system (E, σ) is Poincare´ invariant if φ˙ leaves E invariant
and:
(φ˙Λ,a)∗σ = σ. (3.8)
for any element of the Poincare´ group (Λ, a).
Substituting (2.14) in (3.8) with Λ = id it is easy to see that the translation invariance
is equivalent to the x-independence of the functions σ...... and τ ...... .
It remains to use the Lorentz invariance, i.e. (3.8) with a = 0. Let us define for any
tensor function tµ1,...,µkA1,...,Al the following action of the Lorentz group:











Then, the Lorentz invariance of the system (E, σ) translates into:
(Λ · σ)µ0,...,µkA0,...,Al = σµ0,...,µkA0,...,Al . (3.10)
and:
(Λ · τ)µ1,...,µkA0,...,Al = τµ1,...,µkA0,...,Al . (3.11)
We will say that σ...... and τ ...... are Lorentz covariant functions.
We consider now the dilation invariance. If λ ∈ R∗ then, by definition, the dilations
act on S as follows:
φλ(x,ψ) = (λx,λ−1ψ). (3.12)
This action lifts to J1n(S) and we get:
φ˙λ(x,ψ,χ) = (λx,λ−1ψ,λ−2χ). (3.13)
We say that the Lagrangian system (E, σ) is dilation invariant if E is invariant under
the action of φ˙ and:
(φ˙λ)∗σ = σ. (3.14)
for any λ ∈ R∗.
Substituting (2.14) into (3.14) we easily get:
σµ0,...,µkA0,...,Ak ◦ φ˙λ = λ2k+2−nσµ0,...,µkA0,...,Ak . (3.15)
τµ1,...,µkA0,...,Ak ◦ φ˙λ = λ2k+1−nτµ1,...,µkA0,...,Ak . (3.16)
i.e. some homogeneity properties.
3.4 Internal global symmetries
Let G be a Lie group and g &→ Tg a linear representation of G in V . Then, by definition
the action of G on S is:
φg(xµ,ψA) = (xµ, (Tg)ABψ
B). (3.17)







We say that the Lagrangian system (E, σ) is G-invariant if φ˙ leaves E invariant and
we have:
(φ˙g)∗σ = σ. (3.19)
for any g ∈ G. As in section 3.3 we define the following action of G on an arbitrary tensor
tA1,...,Al:
(g · t)A1,...,Al ≡
l∏
j=1
(Tg)Bj Aj tB1,...,Bl ◦ φ˙−1g . (3.20)
Then (3.19) translates into:
(g · σ)µ0,...,µkA0,...,Ak = σµ0,...,µkA0,...,Ak . (3.21)
(g · τ)µ1,...,µkA0,...,Ak = τµ0,...,µkA0,...,Ak . (3.22)
We say that σ...... and τ ...... are G-invariant tensors.
3.5 Gauge invariance
As before, let G be a Lie group and g &→ Tg a linear representation of G in V . Let
ξ1, ..., ξr be a basis in the Lie algebra Lie(G) of G and fabc the corresponding structure
constants. We denote by (T˙a), a = 1, ..., r the representation of Lie(G) associated to T .
By definition, an infinitesimal gauge transformation acts on S as follows:
φθ(xµ,ψA) = (xµ,ψA + θa(x)(T˙a)ABψ
B + Cµ,Aa (∂µθ
a)(x)). (3.23)
Here θ : M → Lie(G) is the infinitesimal gauge transformation and Cµa are some
vectors in V . (We are using the notations of Utyiama [9]; see also [10]). Let us note that








In general V splits into two parts V = V1 + V2 such that Cµa |V1 = 0 and T˙ |V2 is a
multiple of the adjoint representation of Lie(G). We will provide explicit examples in the
next chapters. Then one calls the fields in V1 the matter fields and the fields in V2 the
gauge fields.
The action (3.23) lifts to J1n(S) and gives:
φ˙θ(xµ,ψA,χAµ) = (x
µ,ψA + θa(x)(T˙a)ABψ








B + Cρ,Aa (∂µ∂ρθ
a)(x)). (3.25)
We say that the Lagrangian system (E, σ) is gauge invariant if φ˙ leaves E invariant
and:
(φ˙θ)∗σ = σ. (3.26)
for any θ : M → Lie(G). Let us note that in this way we are considering in fact only the
gauge transformations in the connected component of the identity (Gau(G))0 of the gauge
group Gau(G).
We now make the connection with the usual definition of gauge transformations. As
in Section 3.1 we suppose that σ = dθ. Then the condition (3.26) translates into the
invariance of the action functional:
A(φθ ◦Ψ) = A(Ψ). (3.27)
Let us define the following infinitesimal action of the gauge group on the space of
evolutions Ψ : M → S:
(ΦθΨA)(x) = ΨA(x) + θa(x)(T˙a)ABΨ
B(x) + Cµ,Aa (∂µθ
a)(x). (3.28)
This is the usual form of gauge transformations. Then one can show that (3.27) is
equivalent to:
A(ΦθΨ) = A(Ψ). (3.29)
i.e. the usual condition of gauge invariance.
It is clear that in order to apply the strategy outlined in Section 3.1 it is necessary to
work with the definition (3.26) of a gauge transformation.
If we substitute (2.14) and (3.25) into (3.26) one can obtain after some long but



















































− (σζ,ρ,µ1,...,µkB,A0,...,Ak + (ζ ↔ ρ))(T˙a)BCχCζ = 0. (3.33)
∂σµ0,...,µkA0,...,Ak
∂χBν
Cρ,Ba + (ρ↔ ζ) = 0. (3.34)[
∂τµ1,...,µkA0,...,Ak
∂χBν
Cρ,Ba − σρ,ν,µ1,...,µkC,A0,...,Ak (T˙a)CBψB
]
+ (ρ↔ ν) = 0. (3.35)
Sym(σζ,ρ,µ1,...,µkB,A0,...,Ak C
λ,B
a ) = 0. (3.36)
where Sym symmetrizes in the indices λ, ρ and ζ.
The relations (3.30)-(3.36) express gauge invariance in an infinitesimal form.
4. Abelian Gauge Theories
4.1 We consider only the case without matter fields. In the general framework of
section 3.2 we take V = M so that the indices A are of the form A → ν = 1, ..., n. We
denote the coordinates on V as usual by (Aν), ν = 1, ..., n; they are the components of the
electromagnetic potential.




















ν0 ∧ ... ∧ δAνk ∧ dxµk ∧ ... ∧ dxµn . (4.1)
where:
δAν ≡ dAν − χνµdxµ. (4.2)
We will suppose that σµ0,...,µkν0,...,νk is completely antisymmetric in the indices µ1, ..., µk
and in the indices ν1, ..., νk; also the functions τµ1,...,µkν1,...,νk are supposed to be antisymmetric
in the upper indices and also in the lower indices.
12
The structure relations (2.15)-(2.18) are in this case:
∂σµ0,...,µkν0,...,νk
∂χνk+1µk+1




































4.2 We now impose the gauge invariance of the theory. We take in the general frame-
work of Section 3.5 G = U(1). The index a will take only one value and it will be omitted.
Next, we fix the representation T = id, so T˙ = 0 and we also take in (3.23)
Cρ,ν = Gρ,ν . (4.8)
We get the usual form of the Abelian gauge transformation:
φθ(xµ, Aν) = (xµ, Aν + (∂νθ)(x)). (4.9)
Let us now particularize the relations (3.30)-(3.36) which express the gauge invariance









+ (ρ↔ ν) = 0. (4.12)
∂τµ1,...,µkν0,...,νk
∂χρ,ν
+ (ρ↔ ν) = 0. (4.13)
Sym(σζ,ρ,µ1,...,µkω,ν0,...,νk G
λ,ω = 0. (4.14)
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where Sym symmetrizes in the indices λ, ρ and ζ. We note finally that in this case the
gauge group is connected, so (4.10)-(4.14) express the gauge invariance with respect to the
whole group Gau(U(1)).
4.3 We also impose Poincare´ invariance. According to the general discussion in Sec-
tion 3.3 this gives the x-independence of the functions σ...... and τ ...... and also the Lorentz
covariance of these functions. We will use for the moment only the translation invariance.
Taking into account (4.10) and (4.11) also it follows that the functions σ...... and τ ...... depend
only on χ. Then (4.12) and (4.13) imply that in fact the dependence of χ is only through
the field strength:
Fµν ≡ χµν − χνµ. (4.15)
So, we found out that there exists a set of functions sµ0,...,µkν0,...,νk and t
µ1,...,µk
ν0,...,νk depending
only on F , having the same antisymmetry properties as σ...... and respectively τ ...... and such
that:
σµ0,...,µkν0,...,νk (x,A,χ) = s
µ0,...,µk
ν0,...,νk (F ). (4.16)
τµ1,...,µkν0,...,νk (x,A,χ) = t
µ1,...,µk
ν0,...,νk (F ). (4.17)
We now turn to the structure equations (4.3)-(4.6). Substituting (4.16) and (4.17)
into these relations we find out that (4.5) becomes an identity and the rest are:
∂sµ0,...,µkν0,...,νk
∂F νk+1µk+1
− sµ0,...,µk+1ν0,...,νk+1 − (µ0ν0 ↔ µk+1νk+1) = 0. (4.18)
∂tµ1,...,µkν0,...,νk
∂Fωζ
− tµ1,...,µk,ζν0,...,νk,ω = 0. (4.19)
k∑
i,j=0
(−1)i+jsµj ,µ0,...,µˆj,...,µkνi,ν0,...,νˆi,...,νk = 0. (4.20)
So, the equations for the functions s...... and t...... decouple completely.
4.4 We first study the functions s....... Using (4.18) it is not hard to prove by recur-
rence (starting from k = n to k = 0) that there exist a set of F -dependent functions





− (LY M )µ0,...,µkν0,...,νk . (4.21)
14
Then (4.14) is an identity. Finally, inserting (4.21) into (4.20) we get by recurrence
that we have in fact:









Comparing with (2.18) and (2.19) we get that the first term of σ (see (4.1)) follows
from the Lagrangian LY M . Of course, this is true in the (global) chart (xµ, Aν,χνµ) in
which we are working.




(see the convention (3.5)). The tensor tµ1,...,µk,ν0,...,νk is by construction completely anti-
symmetric in the indices µ1, ..., µk+1 and also in the indices ν0, ..., νk+1. Moreover, from
(4.23) it follows that it is antisymmetric with respect to the transposition µk+1 ↔ νk+1.
From this information it follows that t... is completely antisymmetric in all indices. Then
necessarily we have:
tµ1,...,µk,ν0,...,νk = 0. (4.24)
for k > m where m ≡ [n2 ]. Now one gets by recurrence from (4.23) (starting from k = m










where C... are some constants which are completely antisymmetric in all indices. It is clear
that the second term of σ (see (4.1)) will be of the Chern-Simons type (see Section 2.5).
In fact, comparing (2.24) with (4.25) we see that the constants C... are exactly the generic
functions Q... appearing in (2.24) for our case. So, according to the generic analysis in




















= Cµ1,...,µkν0,...,νk . (4.27)
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for k < m and:
lµ1,...,µkν0,...,νk = 0. (4.29)
for k > m.
So, the second term of σ follows from a Lagrangian LCS which in our global coordinates









F νiµi . (4.30)
In conclusion we have:
Theorem 1 Any Lagrangian system (E, σ) for a pure Abelian gauge theory which
is gauge invariant and translation invariant has a globally defined form σ which, in our
coordinates, follows from a Lagrangian L = LY M + LCS .
4.6 Let us investigate the additional restrictions imposed by Lorentz invariance. We
consider only the proper orthochronous Lorentz group L↑+. First we prove that one can
choose LY M to be Lorentz invariant. We insert (4.16)+(4.21) in (3.10) and we get:
∂
F ν0µ0
[(Λ · LY M )µ1,...,µkν1,...,νk − (LY M )µ1,...,µkν1,...,νk ] = (Λ · LY M )µ0,...,µkν0,...,νk − (LY M )µ0,...,µkν0,...,νk . (4.31)
where by definition, for any F -dependent tensor:








−1 · F ). (4.32)
Here:
(Λ · F )µν ≡ ΛµρΛνζFρζ . (4.33)
From (4.31) one has by induction that:
(Λ · LY M )µ1,...,µkν1,...,νk − (LY M )µ1,....,µkν1,...,νk = P (Λ)µ1,...,µkν1,...,νk . (4.34)
where P (Λ)µ1,...,µkν1,...,νk is a polynomial in F , of maximal degree n− k and verifying the same
antisymmetry properties as (LY M ).......
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In particular we have:
Λ · LY M − LY M = P (Λ). (4.35)
where P (Λ) is a polynomial in F , of maximal degree n. So, the generic form of P (Λ) is:









where one can suppose that the constants C(Λ)... verify the following properties:
(1) symmetry with respect to µiνi ↔ µjνj (for i *= j).
(2) antisymmetry with respect to µi ↔ νi (for any i).
But from (4.31) we can get a recurrence relation for the polynomials P (Λ)...... and using






Inserting (4.36) in (4.37) it easily follows that the constants C(Λ)... must have an
additional property, namely:
(3) antisymmetry in the indices (µ) and also in the indices (ν).
Taking into account (1)-(3) it follows that the constants C(Λ)... are in fact completely
antisymmetric in all indices. So, C(Λ)µ1,...,µk,ν1,...,νk are the components of a tensor C(Λ) ∈
∧2kM .
It is easy to see that (4.35) implies the following consistency condition for this tensor:
C(Λ1Λ2) = Λ1 · C(Λ2) + C(Λ1). (4.38)
for any Λ1,Λ2 ∈ L↑+, where the action of L↑+ on ∧M is the natural extension of the basic
one on M .
So, Λ &→ C(Λ) is a 1-cocycle. Using one of the Whitehead lemmas one can easily show
that this cocycle is in fact a 1-coboundary, i.e. we have:
C(Λ) = Λ · D −D. (4.39)
for some tensor D ∈ ∧2kM .











where D... are the components of the tensor D. Then we get from (4.39) that:
P (Λ) = Λ · Q−Q. (4.41)
But it is easy to prove that σQ = 0 so we can subtract Q from LY M without modifying
σ. In this way the modified LY M will verify:
LY M (Λ · F ) = LY M (F ). (4.42)
4.7 Next, we use the Lorentz covariance of the functions τ .... It is easy to see that
this condition translates into the Lorentz invariance of the tensors C... appearing in (4.25).
Taking into account the property of complete antisymmetry of these tensors, it follows
that we have two distinct cases:
(a) n = 2m
In this case we have for any k:
Cµ1,...,µk,ν0,...,νk = 0. (4.43)
i.e.
τµ1,...,µkν0,...,νk = 0. (4.44)
So, in this case σ is of the Yang-Mills type i.e. in our coordinates σ = σLY M .
(b) n = 2m + 1
We have for k < m:
Cµ1,...,µk,ν0,...,νk = 0. (4.45)
and:
Cµ1,...,µm,ν0,...,νm = κεµ1,...,µm,ν0,...,νm . (4.46)















F νiµi . (4.48)
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that is, the usual expression (see e.g. [11]).
So, we have:
Proposition 1 In the conditions of Theorem 1, Lorentz invariance implies that the
Yang-Mills part can be chosen to be Lorentz invariant and the Chern-Simons part can
appear only in odd dimensions.
4.8 Now we analyze the possible restrictions appearing if one imposes in addition
dilation invariance. First, it is easy to see that the expression (4.47) verifies (3.16). So, it
remains to analyze the implications of (3.15) on LY M .
If we introduce (4.16)-(4.21) into (3.15) we get as in Section 4.6:
∂
∂F ν0µ0
[(λ · LY M )µ1,...,µkν1,...,νk − (LY M )µ1,...,µkν1,...,νk ] = (λ · LY M )µ0,...,µkν0,...,νk − (LY M )µ0,...,µkν0,...,νk . (4.49)
where:
(λ · LY M )µ1,...,µkν1,...,νk ≡ λn−2k(LY M )µ1,...,µkν1,...,νk (λ−2 · F ). (4.50)
From (4.49) it follows by induction that:
λn−2k(LY M )µ1,...,µkν1,...,νk (F )− (LY M )µ1,...,µkν1,...,νk (λ2F ) = P (λ)µ1,...,µkν1,...,νk (F ). (4.51)
where P (λ) is a polynomial in F of maximal degree n−k and verifying the same antisym-
metry properties as (LY M )....... In particular:
λnLY M (F )− LY M (λ2F ) = P (λ)(F ). (4.52)
where P (λ) is a polynomial in F of maximal degree n. As in Section 4.6 one can show
that P (λ) has the following form:









where the constants C(λ)... are completely antisymmetric in all indices.
But from (4.42) and (4.52) it easily follows that:
P (λ)(Λ · F ) = P (λ)(F ). (4.54)
for any Λ ∈ L↑+. This in turn implies that the constants C(λ)... are Lorentz invariant
tensors. So we must study again separately the two parities of n.
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(a) n = 2m
In this case we have for k < m:
C(λ)µ1,...,µk,ν1,...,νk = 0. (4.55)
and:
C(λ)µ1,...,µm,ν1,...,νm = c(λ)εµ1,...,µm,ν1,...,νm. (4.56)
So, P (λ) must have the following structure:




Now we get from (4.52) and (4.57) the following compatibility condition:
c(λ1λ2) = λn2 c(λ1) + λ
n
1 c(λ2). (4.58)
This cocycle identity has the solution:
c(λ) = cλnln(λ). (4.59)
for some c ∈ R. We insert (4.57) and (4.59) in (4.52) and take the limit λ → 0. Because
LY M is a smooth function the only way to avoid a contradiction is to have c = 0 i.e.:
P (λ) = 0. (4.60)
So in this case we have:
LY M (λ2F ) = λnLY M (F ). (4.61)
Differentiating this relation k times with respect to F for k > m and taking the limit
λ→ 0 as before, we conclude that LY M must be a polynomial in F of maximal degree m.
In this case (4.61) tells us that in fact LY M is a polynomial in F homogeneous of degree
m.
(b) n = 2m + 1
In this case we have for any k:
C(λ)µ1,...,µk,ν1,...,νk = 0. (4.62)
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so (4.60) is valid in this case also. So we have (4.61). But repeating the argument from
above, we easily get that LY M can be smooth iff:
LY M = 0. (4.63)
So, we get:
Proposition 2 In the conditions of Theorem 1, Lorentz and dilation invariance imply
that in even dimensions we have only a polynomial Yang-Mills contribution and in odd
dimensions only the Chern-Simons contribution.
5. Non-Abelian Gauge Theories
5.1 Again we consider only the case of pure gauge fields. In the framework of Section
3.2 we take V = M × Lie(G), so the indices A are of the type A = (aν), a = 1, ..., r, and
ν = 1, ..., r. We denote the coordinates on V by Aaν ; these are the Yang-Mills potentials.




















a0ν0 ∧ ... ∧ δAakνk ∧ dxµk+1 ∧ ... ∧ dxµn . (5.1)
where:
δAaν ≡ dAaν − χaνµdxµ. (5.2)
We can also suppose that σµ0,.......,µka0ν0,...,akνk are completely antisymmetric in the indices
µ1, ..., µk and in the couples a1ν1, ..., akνk. Also τµ1,......,µka1ν1,...,akνk can be taken completely
antisymmetric in the indices µ1, ..., µk and in the couples a1ν1, ..., akνk.
The structure equations (2.15)-(2.18) become:
∂σµ0,......,µka0ν0,...,akνk
∂χak+1νk+1µk+1








































5.2 We now impose the invariance of σ with respect to the gauge transformations. In











We get the usual form of the gauge transformations:
φθ(xµ, Aaν) = (xµ, Aaν + θb(x)fabcA
cν + (∂νθa)(x)). (5.10)
We now particularize the relations (3.30)-(3.36) which express the invariance with
respect to the connected component of the identity of the gauge group (Gau(G))0 in an
























































+ (ρ↔ ζ) = 0. (5.16)
Sym(Gλωσζ,ρ,µ1,......,µkbω,a0ν0,...,akνk) = 0. (5.17)
where Sym symmetrizes in the indices λ, ζ and ρ.
5.3 We also impose Poincare´ invariance and like in Section 4.3 we get that σ...... and
τ ...... must not depend on x and must also be Lorentz covariant functions.
We can start an analysis similar to the one in Section 4. We will rely heavily on
the results of this Section. So, like there, we use for the moment only the translation
invariance. Taking into account (5.15) and (5.13) it is rather easy to prove that σ...... are
functions only of the Yang-Mills field strength:
F aµν ≡ χaµν − χaνµ + fabcAbµAcν . (5.18)
So, there exist a set of F -dependent functions sµ0,......,µka0ν0,...,akνk having the same antisym-







− sµ0,........,µk+1a0ν0,...,ak+1νk+1 − (µ0ν0a0 ↔ µk+1νk+1ak+1) = 0. (5.20)
and one shows that there exist a set of F -dependent functions (LY M )µ1,......,µka1ν1,...,akνk , completely




− (LY M )µ0,......,µka0ν0,...,akνk . (5.21)
This ensures that (5.17) is also true. Inserting (5.19) and (5.21) into (5.6) we get like
in Section 4.3 that in fact:











We have another relation involving only σ...... , namely (5.11). Inserting (5.19)+(5.21)


















This relation express the covariance of the functions s...... with respect to the adjoint
action of G0. Let us translate this relation into a relation for the functions (LY M ).......
Inserting (5.21) into (5.23) we obtain:
∂
∂F a0ν0µ0












This relation implies by induction that:








where (Pb)µ1,......,µka0ν0,...,akνk is a polynomial in F of maximal degree n−k. In particular, we have:
XbLY M = Pb. (5.27)
where Pb is a polynomial in F of maximal degree n. So, in principle we can have an
”anomaly” of the Yang-Mills Lagrangian with respect to the adjoint action of G0. We will
see later that in fact Pb = 0.









F aiµiνi . (5.29)
Using ideas similar to the ones in section 4.6 one can show that the constants (Cb)...... can
be chosen to be completely antisymmetric in the upper indices and completely symmetric
in the lower indices. Also, the integrability condition of (5.27) is:
XbPc −XcPb = −fabcPa. (5.30)
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5.4 The analysis of the functions τ ...... is greatly simplified if we separate in σ the
contribution of the Yang-Mills Lagrangian LY M . Namely, we define:
σCS ≡ σ − σLY M . (5.31)
Then clearly σCS is of the Chern-Simons type (see Section 2.5); this explains the














− (τCS)µ1,......,µk+1a0ν0,...,ak+1νk+1 = 0. (5.33)
On the other hand, by some long but straightforward computations, one can show
that the relations (5.12), (5.14) and (5.16) (which follow from gauge invariance and have




























+ (ρ↔ ζ) = 0. (5.36)
5.5 We can analyze now the functions (τCS)...... which are determined by the system
(5.32)-(5.36). First, it is easy to show from (5.35) and (5.36) that there exists a set of
functions tµ1,......,µka0ν0,...,akνk depending only on F such that:
(τCS)µ1,......,µka0ν0,...,akνk(x,A,χ) = t
µ1,......,µk





If we insert this expression into (5.33) and (5.34) we find after some very long com-
putations (in which one must use the integrability condition (5.30)) that we have:
∂tµ1,......,µka0ν0,...,akνk
∂F ak+1νk+1µk+1










bai = 0. (5.39)
It remains to use (5.32). Inserting (5.37) and using the two preceding relations one
can prove after some computations that in fact:
Pb = 0, (5.40)
so (5.27) becomes:
XbLY M = 0. (5.41)
This expresses the invariance of LY M with respect to the adjoint action of G0.
We still have to solve (5.38) and (5.39). From (5.38) one can show like in Section 4.5










F aiµiνi . (5.42)
where the constants Cµ1,...,µp,ν0,...,νpa0,......,ap are completely antisymmetric in the upper indices
and completely symmetric in the lower indices. Finally, introducing (5.42) into (5.39) we





bai = 0. (5.43)
This expresses the fact that the tensor C...... is invariant with respect to the adjoint
action of G0.
So, we can conclude that the most general solution of our problem is:
σ = σLY M + σCS . (5.44)










F aiνiµi . (5.45)
and (5.43).
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5.6 According to Section 2.5, we can get an explicit expression for a Lagrangian











where Q...... are polynomials in A which can be computed explicitly.










where the functions l...... are completely antisymmetric in the indices (µ) and in the pairs











= Qµ1,......,µpa0ν0,...,apνp . (5.48)
It is easy to show that we can build a solution of this system which is an A-dependent






So, we get a result similar to Theorem 1:
Theorem 2 Any Lagrangian system (E, σ) for a pure gauge Yang-Mills theory, which
is gauge invariant with respect to the gauge transformations in the connected component of
the identity (Gau(G))0 of the gauge group and is also translation invariant, has a globally
defined form σ, which in our coordinates is σ = σLY M +σLCS . Here LY M is an F -dependent
function, invariant under the adjoint action of G0 and LCS is given by (5.47)+(5.49); the
functions Q...... can be computed from (5.45)+(5.46). The constants C...... must verify (5.43).
5.7 As in Section 4, we investigate the implications of Lorentz invariance. The argu-
ment is similar and we give only the results. First, one can show that LY M can be chosen
Lorentz invariant:
LY M (Λ · F ) = LY M (F ). (5.50)
Then from the Lorentz covariance of the functions τ ...... one infers the same property
for the functions t....... This in turn is equivalent to the Lorentz invariance of the tensors
C...... appearing in (5.42). So, we again have two distinct cases:
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(a) n = 2m
In this case we have for any k:
Cµ1,...,µk,ν0,...,νka0,.............,ak = 0. (5.51)
so:
tµ1,......,µka0ν0,...,akνk = 0. (5.52)
It follows that in this case we have a pure Yang-Mills Lagrangian: σ = σLY M .
(b) n = 2m + 1
In this case we have for k < m:









bai = 0. (5.55)








F aiνiµi . (5.56)
In this case one can obtain after some combinatorics the following formula for the










Then, (5.49) gives the following formula for the functions l...... appearing in the definition






The expressions (5.47)+(5.57)+(5.58) give the usual Chern-Simons Lagrangian (see
for instance [11]).
So, we will have a proposition of the same type as proposition 1.
Let us also note that a possible solution for the constants Ca0,...,am verifying (5.54) is:
Ca0,...,am = SymTr(ta0 ...tam). (5.59)
where (ta), a = 1, ..., r is a finite dimensional representation of Lie(G) and Sym is the
usual symmetrization operator in the indices a0, ..., am.
We give now the consequences of dilation invariance. Exactly as in section 4.8, one
finds out that we have two distinct cases:
(a) n = 2m
In this case LY M is a polynomial in F , homogeneous of degree m:
LY M (λ2F ) = λnLY M (F ). (5.60)
(b) n = 2m + 1
We still have (5.60) but the smoothness condition forces:
LY M = 0. (5.61)
and we have only the Chern-Simons term. So, we will get a proposition of the same type
as proposition 2.
5.8 Finally, we give some alternative expressions for the Chern-Simons Lagrangian.





produces exactly (5.47)+(5.57)+(5.58). Alternatively, one can use instead of τa0ν0 , the
F -dependent functions ta0ν0 . We define F (t) by:








We have presented a method of analyzing the Noetherian symmetries in the classical
field theory, which can be applied in principle in any circumstances. The analysis reduces
in the last instance to the study of some systems of partial differential equations for the
coefficients of the Lagrange-Souriau form σ.
Of course, in practice, this could be extremely complicated to solve, but we think that
for many physical interesting situations this analysis can be performed explicitly.
We have illustrated this point in the case of gauge invariance, obtaining in a natural
way the Yang-Mills and Chern-Simons Lagrangians as the sole possible candidates compat-
ible with this invariance. The same analysis should also work if one includes, for instance,
matter fields. Of course, the computations will be more complicated.
It is reasonable to expect that by enlarging the framework to Grassmann manifolds
one could simplify the analysis with the help of the BRST invariance.
The same analysis could be possible for the case of gravity also.
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